Discrete Computational Methods for
Robotic Additive Manufacturing

Gilles Retsin
Manuel Jiménez García
The Bartlett School of
Architecture / UCL

Combinatorial Toolpaths

1

ABSTR ACT
The research presented in this paper is part of a larger, emerging body of research into large-scale
3D printing. The research attempts to develop a computational design method specifically for largescale 3D printing of architecture. Influenced by the concept of Digital Materials, this research is
situated within a critical discussion of what fundamentally constitutes a digital object and process.
This requires a holistic understanding, taking into account both computational design and fabrication. The intrinsic constraints of the fabrication process are used as opportunities and generative
drivers in the design process. The paper argues that a design method specifically for 3D printing
should revolve around the question of how to organize toolpaths for the continuous addition or
layering of material.
Two case-study projects advance discrete methods as efficient ways to compute a continuous
printing process. In contrast to continuous models, discrete models allow users to serialize problems
and errors in toolpaths. This allows a local optimization of the structure, avoiding the use of global,
computationally expensive, problem-solving algorithms. Both projects make use of a voxel-based
approach, where a design is generated directly from the combination of thousands of serialized
toolpath fragments. The understanding that serially repeated elements can be assembled into
highly complex and heterogeneous structures has implications stretching beyond 3D printing. This
combinatorial approach for example also becomes highly valuable for construction systems based
on modularity and prefabrication.
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Robotic plastic extrusion of continuous systems. The Bartlett AD-RC4,
2013–14. Project: SpaceWires.
Team Filamentrics.

LARGE-SCALE 3D PRINTING
The research presented in this paper is part of a larger, emerging
body of research into large-scale 3D printing for architecture.
Large-scale 3D printing is often associated with engineer and
innovator Behrokh Khoshnevis’ Contour Crafting method.
Developed at the University of South California, contour crafting
is a process where concrete is extruded from a nozzle that is
mounted on a large, gantry-like structure. A similar process developed by WinSun in Shanghai has entered the commercial market,
producing a number of full-scale prototypes in the past few years.
Enrico Dini’s D-Shape printer is also based on a large gantry, but
it uses a binder to solidify stone dust into a sandstone-like material. Some research makes use of existing, commercially available
3D printers. Architects Ronald Rael and Virginia San Fratello
use, for example, ZCorp machines to develop a wide range of
printable materials, such as ceramics. Their company, Emergent
Objects, has successfully produced a series of larger-scale
architectural prototypes. There are a number of important
precedents where robots are used as large 3D printers. Research
led by Marta Malé-Alemany at IAAC was first to focus on robotic
processes for additive manufacturing in an architectural context.
Gramazio and Kohler’s research at the Future Cities Laboratory
in Singapore introduced spatial plastic extrusion with a robot
arm (Hack and Lauer 2014). Spatial plastic extrusion is a process
where a robot arm extrudes plastic in the air, rather than in horizontal layers. Outside of architecture, the aerospace industry has
been investigating metal sintering processes with robots.
While these precedents successfully innovate with the development of the machine or material, their aim is not to innovate with
the design methods themselves. Their main focus is the fabrication process itself. Although highly innovative, the knowledge
produced in terms of architectural design is rather limited. On
the other hand, research by people like Benjamin Dillenburger
and Michael Hansmeyer is specifically focused only on design
methods, and not on fabrication (Dillenburger and Hansmeyer
2014). The designers assume the existence of a large-scale
3D printer, using commercially available printers such as the
Voxeljet sand printers. The same argument applies for SoftKill
Design, which produced a complete proposal for a 3D printed
dwelling, but does not address the actual printing process. In this
context, the theorist Neil Leach argues, “while there is clearly a
practice of designing that involves the use of digital tools, there
is no product as such that might be described as digital” (2015).
Digital design and fabrication tools merely allow a specific type
of design to be realized, but they can as well be used for objects
which are not “digital”—for example, a replica of an old Indian
temple. The research projects mentioned before affirm this
argument. Research focused only on fabrication can be used as
effectively to 3D print a computationally generated model as a
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Combinatorics diagram. The
Bartlett AD-RC4, 2014–15. Team
Curvoxels.
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Combined Voxels into continous
toolpaths. The Bartlett AD-RC4,
2014–15. Team Curvoxels.
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Screenshot of Processing application for toolpaths generation. The Bartlett AD-RC4, 2014–15. Project: SpatialCurves. Team: Curvoxels.

a historic replica, or a modernist column. The machine process
is unrelated and ignorant of the object it fabricates. Hansmeyer
and Dillenburger’s highly detailed prints also comply with Leach’s
theory, as these are merely made possible through the affordance of the machine.
Mario Carpo, architect and historian, provides the beginning of a
counter argument to Neil Leach’s statement. Carpo identifies the
digital character of a design method, arguing for the intrinsically
discrete nature of computational processes (2014). The research
presented in this paper continues asking this question, and looks
at whether there is a design method specific to large-scale 3D
printing. This requires a more holistic understanding, taking into
account both computational design and fabrication. The intrinsic
constraints of the fabrication process are used as opportunities
or drivers in the design process.

it becomes crucial. The resolution of large-scale printing is much
lower, and layers are clearly distinguishable. The actual organization of these layers is often not computed or designed. In that
case, it can be argued that these objects are post-rationalized, or
merely representational. They bear no relation to their materialization. A design method specifically for 3D printing should
revolve around the question of how to organize toolpaths for the
continuous addition or layering of material.
As layers in architectural-scale printing are clearly visible, they
should be the main subject of the digital design process. The
method presented in this paper proposes one possible approach
to the problem of the layer. The design process allows for
heterogeneous toolpaths, which are continuous, non-intersecting,
and printable with specific material properties.

3D printing processes are fundamentally continuous in nature.
A 3D printer is a machine which continuously extrudes material,
or continuously glues or melts material particles together. This
process happens additively, as the machine deposits material
layer by layer. To materialize the complex structures generated
in a digital environment, it has to be reduced to a series of slices,
contours, or layered toolpaths. The translation to physical form
reduces the complexity of the structures, removing information.
With high-resolution, small-scale printers, the issue of the layer
is maybe not relevant, but for large-scale additive manufacturing,

The continuous character of 3D printing initially gave rise to
algorithmic work that also had a continuous character. Designers
mostly used algorithmic processes inspired by nature, referencing
growth and morphogenesis. The formal complexity and continuous differentiation of these processes implied a certain need for
3D printing, as they would be very hard to fabricate in any other
way. An example of a continuous algorithm is, for example, an
agent-based system. Although it makes use of discrete entities,
it has a continuous search space and makes possible continuous
variation. However, continuous systems prove to be very hard
to optimize for large-scale, robotic 3D printing. They usually
require a significant amount of post-rationalization. Project
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3D PRINTING AND CONTINUITY

SpaceWires by Filamentrics, for example, is based on the use of
agents to deposit material. Interpolating a vector field, an agent
is programmed to create a toolpath trajectory for the robot. The
agent gets a series of constraints that relate to the constraints
of the fabrication process. A minimum and maximum distance
between trajectories is also constrained. In a subsequent stage,
a second set of agents connects the previously generated lines
together. The generative process takes a number of constraints
into account, but the resultant structures still require a significant
effort to solve errors, intersections. Due to the heterogeneity
and large amount of variation in the generated toolpaths, it’s
difficult to automate the post-rationalization. (Figure 1)
Problems and errors are, just like the structure itself, continuously different and require unique solutions. The nature of this
problem finds its origin in the continuous character of the generative process. Errors can’t be serially solved, and large amounts of
time or computational power are needed to prevent them from
occurring. To incorporate all the constraints from the printing
process in a continuous toolpath requires a lot of computing and
a large amount of memory. This renders the process increasingly
inaccessible, requiring expensive computing equipment or hardware such as sensors to detect unique errors in the toolpath.

5

Based on the experience with continuous models, the research
in this paper looks into design methods based on discreteness. Discrete models allow users to serialize problems and
errors in toolpaths. This allows a local optimization of the
structure, avoiding the use of global, computationally expensive, problem-solving algorithms. All problems in the toolpath
can be isolated locally at the level of the cell or the cluster of
cells. Toolpaths are first generated in one voxel, where all the
constraints are optimized and tested. In a second stage, many
voxels are combined together into one continuous path. This
method only requires local computation, and as such, is computationally inexpensive and quick. The prototyping aspect also
becomes much quicker, as only one voxel and its immediate
neighbors have to be checked for potential problems. Rather
than continuous differentiation, heterogeneous structures are
then achieved by always rotating the piece of toolpath contained
in the voxel into different positions.
The main argument of the research is that the most efficient
way how to calculate a continuous printing process is through a
discrete method. To illustrate the wide applicability and efficiency
of the method, the two projects are based on different materials;
one makes use of plastics, the other of concrete.

PROJECTS
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Robotically fabricated Chair
Prototype v3.0. The Bartlett
AD-RC4, 2014–15. Project:
SpatialCurves. Team: Curvoxels.
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Robotic plastic extrusion of continuous systems. The Bartlett AD-RC4,
2014–15. Project: SpatialCurves.
Team: Curvoxels.

The projects described in this paper are produced in a
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research-through-teaching context in the Bartlett Architectural
Design (AD) Research Cluster 4 (RC4). AD is a part of BPro,
an umbrella of post-graduate programs in architecture at the
Bartlett School of Architecture at University College London.
The research is led by Manuel Jiménez García and Gilles Retsin,
and started out in 2013. Since the start of the research, there
has been a close collaboration with Vicente Soler. For two
years, the research agenda of RC4 has focused on large-scale
additive manufacturing for architecture. The research makes
use of industrial robots, which are turned into 3D printers by
attaching custom-designed end-effectors. The research, carried
out by teams of postgraduate students, has a holistic character.
Students develop material studies, as well as the mechanical and
electrical design for the end-effectors, robotic programming, and
design prototypes. The student work is set within the framework
of an architectural research lab. This means that data and knowledge from previous years of research is accessible.
This paper will discuss two projects that implement a computational design and fabrication method based on discreteness.
Both projects make use of a voxel-based approach, where a
design is generated from the combination of thousands of serialized toolpath fragments. A continuous toolpath is then generated
by combining lots of different toolpath fragments together into
the most optimal option. An optimal toolpath can be understood as being continuous: the less the extruder has to stop, the
better. It should also prevent singularities or intersections where
the robot would disrupt previously printed parts. The toolpaths
are computed in Processing, and then passed on to Rhino/
Grasshopper. The Grasshopper plugin HAL is used to translate
the toolpaths to the ABB IRB 1600 robot.
Project A: SpatialCurves by Curvoxels—Curved Spatial

7

Bunny or Utah Teapot. It was also the first industrially produced
plastic moulded chair, and as such forms an interesting precedent for a 3D printed plastic chair. The original chair is voxelized,
and then structurally analyzed in Rhino/Grasshopper using the
Millipede plugin. The resulting data, in this case, maximum stress
levels, is then transferred to Processing (Figure 4), and then used
to redistribute voxels, adding new ones where necessary. The
size of the voxels also varies in response to the amount of stress.
This is done through an OcTree voxelization, with 4 different
scales of voxels. Once printed, the smallest voxel becomes the
densest one. The largest voxels become the most porous, occupying areas with a low level of stress.

Plastic Extrusion

StatialCurves is based on robotic spatial printing, which was
mentioned before. A custom developed nozzle with a print width
of 6 mm was used. This nozzle makes use of ABS filament, and
has an embedded cooling system that blows cold air under high
pressure. The design method developed in this project is based
on the idea of combining a curved toolpath segment with a
voxel-based data structure. A combinatorics algorithm is used
to then aggregate this single curvilinear element into a continuous, kilometers-long extrusion. This single line is folded into a
complex and heterogeneous structure, with multiple hierarchies
of scale and density (Figures 2–3).

Every voxel is embedded with a single Bezier curve, which has
been tested on printability. Specific curvatures are not printable, for example, under specific angles where the nozzle could
intersect with the already printed curve. Extensive tests were
undertaken to see if a curve was printable or not. The scale
of the voxel also influences the parameters for printing. Larger
voxels, which contain longer curves, require different settings for
extrusion speed than smaller ones. When voxels are very small,
the embedded spatial curve effectively becomes no more than
a line when printed. What in the final object appears to be two
different formal syntaxes, curvilinear or linear, is the product of a
single spatial curve on different scales.

The research uses a Panton chair as test case. The Panton chair
has a complex geometry, with concave and convex surfaces—as
such, a good 3D test model. Within the research of RC4, it has
become the equivalent of 3D test models like the Stanford

The combinatorial logic works by calculating tangents and points
of connectivity between voxel curves. Every voxel curve attempts
to find a continuous connection to a neighboring voxel curve.
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Robot End Effector: Three-nozzle
PLA filament extruder. The Bartlett
AD-RC4, 2014–15. Project:
SpatialCurves. Team: Curvoxels.

8

Robotically fabricated Chairs
displayed during the BPro
Exhibition. The Bartlett AD-RC4,
2014–15. Project: SpatialCurves.
Team: Curvoxels.
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Each discrete voxel unit has twenty-four possible rotations. In a
number of these rotations, the curve becomes non-printable, so
these are left out. To generate the toolpath, the code starts from
the bottom and generates layers of curves going up along the z
axis (Figure 6). Every layer needs to be connected to a previous
layer, so curves need to touch across layers. A series of printable
combinations or patterns was developed. These patterns also
produce a certain level of non-repetition and heterogeneity.
The fundamental advantage of this serial approach is that a
toolpath only has to be optimized and tested for one voxel, in
twenty-four different rotations. Afterwards, thousands of these
voxels can be aggregated, but the connection problems remain
finite and manageable. The process proves to be very efficient
and easy to prototype. Three chairs were printed (Figure 8),
requiring a minimum of interventions to correct mistakes. During
the printing process, there were no errors or singularities where
the robot intersected previously printed material. The third and
final chair is structurally stable, and can withstand the significant
load of a human body (Figure 5).
However, it also proves inefficient to print curves in space rather
than straight lines. To achieve a curve, the robot has to move
slower and stop at multiple points. Moreover, curves are harder
to control and deform a lot compared to the original. This raises
the question of incorporating material behavior.
The premise of continuously printing curves in mid-air would
require more thorough insight into the behavior of the printing
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material, or the use of a material that is easier to control.
Project B: Fossilized by Amalgama—Supported Extrusion in
Concrete

Amalgama develops a project based on heavy compression-based
structures and materials, such as concrete. The proposed
fabrication method combines two already existing concrete 3D
printing methods: extrusion and printing. This combination of
techniques can be described as supported extrusion. Concrete is
extruded layer by layer over a bed of granular support material.
The supports allow for more formal freedom; for example, large
cantilevers become achievable. Traditionally, concrete printing
is heavily constrained by a limited degree of possible overhangs.
These constraints defy the initial promise of 3D printing to
achieve more complexity and formal freedom. As the production
system makes use of support material, a bounding box is needed.
This bounding box is based on the maximum reach of the ABB
1600 robots used for printing. The bounding box is designed to
allow for easy extraction of the model after printing. ABS pellets
were originally intended as support material, but at a later stage
rock salt was chosen as a more economical option. Two types
of nozzles were used: one for concrete extrusion and one for
gluing the support material. The glue nozzle is a relatively simple
extruder, based on compressed air with a valve to regulate the
amount of glue. The concrete nozzle was entirely 3D printed
on a Makerbot (Figure 10). It is connected to a peristaltic pump,
which is able to pump thick material with a low consumption of
energy. The pump is made of CNC-routed aluminum components, and uses skateboard wheels as pressure rollers.
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The team developed a combinatorics-based code, where a voxel
has a specific type of pattern inscribed on its faces. Every face
has a different pattern, but can be combined with other faces
and voxels (Figure 11). The pattern also indicates what has to
be printed in concrete, and what in salt. There are four types of
patterns: directional structural ribs, nondirectional infills, semi-directional infills and directional emphasized edges. Structural
edges create edge-conditions or boundaries for the design.
These patterns are also referred to as “structural skeletons.”
The voxels rotate initially with the goal of translating a series
of principal stress lines into continuous structural ribbons. The
process starts with the voxelization of a generic base model, with
a resolution of approximately 200 mm. This model is then structurally analyzed. The data from the structural analysis is stored
as a cloud of environmental conditions that can be accessed
by the voxels. This includes stress levels, direction, and rotation
of neighbors. In a first instance, the voxels are programmed to
organize their structural patterns to align with stress and densify
structurally weak areas. Subsequently, other voxels adapt to
complete the patterns set out by the initial voxels. In a second
stage, these two-dimensional patterns or skeletons are translated
into a volumetric organization of smaller-scale voxels of 8 x 8 x
8 mm. The 8 mm height of the voxel is roughly the thickness of
one layer of concrete extrusion.

into a linear two-dimensional organization of layers. To avoid
interrupting the extrusion, the toolpaths should also be as long
as possible. Cellular Automata-like logics are used to generate a
continuous toolpath from the voxels. Each voxel checks its immediate neighbors, to see which ones share the same materiality.
Voxels with only one neighbor are identified as the beginning of
a line. To create a continuous line, every voxel has to connect to
two neighbors. When only a limited number of points without any
connections are left, the code moves to the next layer of voxels.
As a test case, Amalgama printed a small coffee table (Figures
9 and 13) and a two-meter-high column. Both prototypes were
assembled out of larger pieces, limited to the bounding box of
the support material. These pieces have printed male-female
joints, which help to connect them seamlessly together.

TOWARDS DISCRETE FABRICATION

In contrast to SpatialCurves, the weight of the concrete used in
Project Fossilize requires a layered printing method. This requires
a meaningful translation of the three-dimensional voxel structure

The proposed workflow aims to embed fabrication constraints
into the design process from the very start. The resulting physical
objects are therefore deeply related to the digital design process
and vice versa. However, it can still be argued that the physical
object is not digital in its material organization. In his concept of
“Digital Materials,” MIT professor Neil Gershenfeld distinguishes
between analogue and digital organizations (Gershenfeld et al.
2015). He draws a parallel to the way data is organized. Analogue
data is continuous, digital data is discrete. In an analogue or
continuous system, a piece of matter has infinite connection
possibilities, whereas a discrete or digital system only has a
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Robotically 3D printed Concrete
Table Prototype. The Bartlett
AD-RC4, 2014–15. Project
Fossilized. Team: Amalgama.

10 Robotic Concrete 3D printing. The
Bartlett AD-RC4, 2014–15. Project
Fossilized. Team: Amalgama.
11 Combinatorics diagram. The
Bartlett AD-RC4, 2014–15. Project
Fossilized. Team: Amalgama.
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limited number (Ward 2010). In that sense, a 3D printed object
is necessarily always analogue, as it doesn’t have a limited
connection scheme. According to these definitions, the objects
described in this paper would not be considered digital. As a
result of the continuous character of the printing method, there
is also a fundamental gap between computation and fabrication.
The object is first generated, simulated, and optimized, and then
passed on to be fabricated. There is no interaction with the
design during the fabrication process; as such, there are effectively two separate processes.

Aligning discrete computation with discrete fabrication enables
the designer to bridge the gap between the digital and the
physical. Digital data becomes the same as physical data.
Computation and fabrication can happen in parallel, with the
robot computing and evaluating the assembled structures while
building them. The possibility of re-assembling enables the robot
to correct mistakes, or go back and rebuild parts of the structure.
In this case, the physical organization of matter is “digital,” along
Gerschenfeld’s definition.

The understanding that serially repeated elements can be
assembled into highly complex and heterogeneous structures
has implications stretching beyond 3D printing. This combinatorial approach is highly valuable for construction systems
based on modularity and prefabrication. This insight gave rise
to a new research agenda, which investigates discrete additive
assembly methods and robotic modular assembly. Continuous
fabrication processes such as 3D printing have intrinsic problems
with fundamental issues such as speed, structural performance,
multi-materiality, and reversibility. Discrete fabrication has the
same type of advantages in terms of problem solving as discrete
computation; problems are serialized and solutions therefore
become repeatable and cheap. Rather than using robots as 3D
printers, this next phase of research uses robots as voxel assemblers or voxel printers. Robots quickly pick and place discrete bits
of matter, assembling it into heterogeneous aggregations.

These discrete approaches prove to be successful and robust.
The serialization of discrete toolpath patterns reduces the
amount of unique problems to solve. One fragment of the toolpath can be optimized, and then serially repeated and combined
into a larger toolpath. Continuously generated toolpaths have
a large number of unique connection problems, each of them
requiring a different solution to create a printable structure.
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CONCLUSION

To overcome the risk of generating repetitive and homogenous
structures due to the serial repetition of voxels, the concept
of combinatorics was used. By always combining the discrete
element in different positions, highly heterogeneous and differentiated structures become feasible. This is a fundamental shift
in digital design thinking from mass-customization and continuous differentiation to discrete, serially repeated systems that
still maintain a high degree of heterogeneity. This approach not
only brings the feasibility of printing digitally intelligent structures
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a step closer to reality, but also makes 3D printing more accessible and robust. As problems are serialized and easy to solve,
there is no need for expensive problem solving equipment such
as advanced sensors, camera trackers, or supercomputers. The
projects described challenge Neil Leach’s assumption about
the relation between digital tools and their outcomes. They are
intrinsically based on the specific operation of a robotic 3D
printing workflow. The physical organization of the printed object
is a result of a negotiation with machine- and process-specific
constraints. There is no post-rationalization, where the digitally
designed object is sliced into layers for printing. Instead, the
design is directly developed at the level of the toolpath itself
(Figure 12).
The design strategy, based on combinatorial assembly of serially
repeating elements with a voxel-based structure, is also valuable
beyond the field of large-scale 3D printing. This design strategy
can be applied to discrete fabrication strategies such as the
concept of digital materials, as described by Neil Gerschenfeld.
This opens up interesting territory where digital and physical
discreteness are aligned, bridging the gap between digital design
and fabrication.

12 Rendering of horizontal formation achieved through combinatorial process. The
Bartlett AD-RC4, 2014–15. Project Fossilized. Team: Amalgama.

Hack, Norman, and Willi V. Lauer. 2014. “Mesh-Mould: Robotically
Fabricated Spatial Meshes as Reinforced Concrete.” Architectural Design
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13 Robotically 3D Printed Concrete Table Prototype displayed during the BPro Exhibition. The Bartlett AD-RC4, 2014–15. Project Fossilized. Team: Amalgama.
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