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Abstract.
The basic research project addresses the question of
spatiality in architecture and how to define space by geometrically
mediating between spatialities. Based on interdisciplinary explorations
of crystal structures and their specific constitutions, spatial paradigms
are examined and implemented in the algebraic framework of crystals.
The goal of the ongoing research is not to resemble and mimic these
emergent crystal arrangements. It is only about the general principle
of these formation processes particularly with regard to aperiodic
quasicrystals. Through the purposive abstraction and translation of
spatialities combined with the notion of crystals as a code like structure,
it is possible to scrutinize the meaning of space in order to create space
for new architectonical articulations.
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1. Introduction
The current and available research on creating structural objects in architecture
shows the typical approach to find complex geometry or procedures and directly
translate them as examples in architecture. But the problem is that these abstract
concepts and their mathematical derivations often can’t be related to the real world
or any physicality. To do so, they get superimposed with notional materiality.
Trying to find a direct translation and to interpret emergent phenomena in nature
one-to-one to architecture always has the unavoidable issue that the designated
intention, to be able to grasp “nature”, is not achieved and the result is only an
embodiment of the phenomenon. It is the materialization, but it could be the
spatialization of the phenomenon. The most relevant and crucial part to exploit the
spatial potential of this knowledge gets lost right at the beginning. The question of
whether it is necessary to discuss the aesthetics and reasonability of the translated
embodiments is for the purpose of the research not relevant. The more important
issue will be if there is a conjunction to relate these abstract notions to architecture.
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Figure 1. Konrad Wachsmann’s Space Frame Aircraft Hangar (Wachsmann, 1989).

When it comes to the differentiation of constructed human-made structures
and ones resulting from a natural process, crystals seem to have properties that are
ascribed to those of an artificial nature, since they rarely occur in nature. Crystals
grow from the outside through parallel aggregation of matter (apposition), whereas
organisms, a plant or an animal, develop from the inside (intussusception) after
food intake. A crystal, even though it is so small, is an individual by itself with
identical properties of the large crystals. It is hardly imaginable that such regular
structures in the macroscopic as well as in the microscopic scope, even under
natural conditions, are possible at all. Crystals have specific properties which,
as such, cannot be found in nature. (Hoffmann, 2016)
2. Research layout
To get the research idea of how to implement and translate spatial concepts in
crystal topologies and to link architecture with the abstract notion of space dividing,
it is necessary to split the research project into three main parts. This layout
represents the outline and basic methodology of the project.

Figure 2. Agencies in geometry triangle.

The geometry of space represents the theoretical and current state of research
in crystals as divisions of space. It focuses on analyzing and gathering several
space-related subjects. Through the examination of crystallography, the science of
crystals, it is possible to explore many spatial and geometrical properties based on
the logic of crystal structures. The geometric mediation covers the computational
concept of how to represent abstract spatial relations geometrically. And the
crystal space is where the knowledge of the two parts are combined and built the
setup to develop an algebraic language based on the topology of crystals.
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3. Geometry of space
Crystals in crystallography are described by idealized arrays of geometrical points
in space. This perfect infinite alignment of points is called lattice. Because
of inheriting perfect translational spatial symmetry, all points of the lattice are
equivalent, and each point has the same surrounding neighbors. There are only
fourteen different ways to arrange points in three-dimensional space to create a
periodic array of points, called the Bravais lattice. (Janot, 2012; Ladd, 1999;
Prince, 2004; Steurer & Deloudi, 2009)
Each lattice point can be coupled with a group of atoms to create a crystal. This
unit cell of clustered atoms is arranged in every point of the lattice. The unit cell
is described as the basis. Therefore, a Bravais lattice in a combination of a basis
describes the structural arrangement of a crystal. Lattice + Basis = Crystal (De
Graef & McHenry, 2012; Janot, 2012; Steurer & Deloudi, 2009; Sunada, 2012)
In 1982 the world of crystallographic science was confused by the discovery
of a crystal structure that has a regular structure, but on a global scope the structure
is non-periodic, each cell is surrounded by a different pattern. The classical
crystallographic restriction theorem indicated that all crystalline structures must
have periodically repeating patterns and can only possess two, three, four, and
six-fold rotational symmetries. But the discovered structure maintains long-range
orientational order but no translational symmetry. (Steurer & Deloudi, 2009)

Figure 3. Picture of a five-fold high-resolution transmission electron microscopy (Yacamán,
1993, p. 71).

Dan Schechtman’s discovery of the icosahedral phase that could be found
in the diffraction pattern of aluminum-manganese alloys, was condemned for a
long time by his colleagues to be impossible. The fundamental hypothesis of the
periodicity of crystal structures was made naught with his breakthrough because
five-fold rotational symmetry is incompatible with periodicity. This led to the term
“quasicrystal” that defines a structure that has a non-periodic ordering and lacks
translational symmetry. (Senechal, 1996)
In 1973, nine years before, Roger Penrose and Robert Ammann discovered
the Penrose tiling. It is a regular pattern in which the arrangements of the basic
units never repeat themselves. They are ordered structural forms that are also
non-periodic, just like a section of a suitable quasicrystal. In comparison to the
regular Bravais lattices that have single unit cells to create an infinite lattice, the
quasi-lattices require more than one cell shape to develop. In case of the famous
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Penrose tiling, the plane pattern holds a fivefold-symmetry and is constructed by
two rhombs (prototiles).
The illustrations below show how two unit cells are organized in a regular
lattice compared to a quasi-lattice. The information of the basis is the same. They
only differ in the order of arrangement of the tiles. In a periodic arrangement, it is
easy to decode the underlying symmetry order of the lattice, but it is much harder
to find the present order in a quasi-lattice. Depending on the information of the
basis, the involved local symmetries of the aperiodic pattern take more distinct
shape.

Figure 4. Periodic vs. aperiodic arrangement of two unit cells.

The ambition of the part “geometry of space” is to study the division of space
on the level of crystals in which all these distinct atomic agglomerations and
formation principles are brought together. The purpose is to decode the specifics
of different groups of space-filling crystals and aperiodic quasicrystals. (Baake &
Grimm, 2013; Steurer & Deloudi, 2009)
4. Geometric mediation
But crystals themselves don’t represent a descriptive geometry. They only inherit
the information of multiple coexisting localized spaces, without embodying them.
And methods to represent the notion of topological crystals geometrically is treated
in the second part of the research. The geometric mediation.
Abstracted geometry can be reduced to a network of curves and surfaces, with
the help of the medial axis transformation. This algorithm describes every shape in
resulting axes or surfaces (diagrammed in blue axes) that contains the data of the
maximum inscribed volumes (diagrammed in red circles) on the medial geometry.
This data of volumes describes the dimension and expansion of spheres, calculated
for each point on this surface/axis. The radii of the spheres are defined by the
maximum extension of it within the scanned geometry. (Blum, 1967; Kimia &
Frederic, 2005)

Figure 5. Medial axis transformation.

With this approach, it is possible to describe any geometry in a resulting
medial surface/axis of an object that is very similar to the principle to reduce an
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architectural layout into a graph of connections within a building. It resembles a
permeability map that illustrates the spatial topology, the organization of rooms,
of a floor plan. (Deleuran & Derix, 2013; Hillier, 1996)
Instead of applying this algorithm as an analyzing tool, the principle can
be used the other way around. The reversed medial axis transformation acts
as a geometric mediation between defined complementary spatialities. Any
manipulation of the axes (topographical and topological change) has a direct
influence on the resulting geometry. What remains is the basic principle to
describe geometry through the mediation of spatialities. One space can only
be described through the existence of the other one. They are in constant
interdependency, and their relation defines them.

Figure 6. Manipulation of paths (f.l.t.r. origin, topographical manipulation, topological
change).

Just like the abstract idea of crystals. Each combination and agglomeration
of elements within the crystal in relation to the other ones defines the structure,
but crystals still don’t represent a descriptive geometry. The geometric mediation
only acts as a geometric renderer and visualizes these complementary relational
spatialities. It delineates this spatial separation and mediates between them
geometrically.

Figure 7. Crystallographic structures.

To see the crystal code behind structures is unapparent and to analyze the
structure of relational criteria is also not obvious. So we tend to compare these
structures with existing designs or buildings and put them in predefined separate
sets based on explicit criteria like a style, shape, material and so on.
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Figure 8. Transition of spatial order.

But instead, we can talk about Toyo Ito’s Taichung Metropolitan Opera House
with its organic minimal surface appearance (triply periodic Schwarz’ P surface)
and link it with the iconic Dom-Ino House of Le Corbusier, with its parallel
horizontal floors, to highlight that the spatial organization of these two can be
related. The mathematical concept and design method might be different, but
they can be set in relation regarding spatial separation and how to combine and
orientate spaces. The underlying topological information deals with the translation
problem of geometry and the geometric mediation serves as one possible geometric
representation.
5. Crystal space
With the fundamental knowledge of geometric morphology and syntax from the
first part of the geometry of space, combined with the potential to visualize spatial
ideas from the second with the geometric mediation, there is a possibility to
establish a language for these new architectonical articulations. It is about how
to treat the abstract idea of crystals and to express its algebraic nature in different
experiments that are addressed in the third part of the research project. The crystal
space.

Figure 9. Crystal representation in vertices and edges.

The approach to the geometry of crystals or even quasicrystals doesn’t go
along with the idea to treat geometry as an accumulation of elements in space.
Basic shapes of geometry, such as the triangle, the square and even the beginning
of crystallographic thinking, with the platonic solids as definitions of vertices in
space, are already renderings of a specific kind. The focus is on the topology
of crystals that describe the composition and relational order within the structure.
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There is no information about the crystals’ shape and geometry, but the pattern of
the structure acts as a code, which in the broadest sense resembles a language.
As already mentioned in the first part, the atoms or molecules in quasicrystals
are arranged in an ordered, aperiodic structure. The symmetry of quasicrystals
is not part of the 32 crystallographic point groups, and because of not having
translational symmetry they are not based on Bravais lattices. As well the
diffraction pattern doesn’t represent crystallographic symmetry. But there is a
relationship between periodic crystals and non-periodic quasicrystals. In 1981,
the mathematician de Bruijn introduced the “cut and project” method. With this
approach, the quasi-periodic pattern of dots can be formed by the projection of a
periodic lattice in a higher dimension onto a lower dimensional space.

Figure 10. Cut and project with an irrational slope creates an aperiodic 1D-sequence.

In case of one-dimensional structures, the projection of points of a
two-dimensional lattice onto a line that cuts the space creates a sequence of
sections. The length of each section on the projection line can only take two
values. To create a one-dimensional quasi-periodic structure, the slope of the
cutting line in relation to the square lattice has to be irrational (y = (ϕ − 1) · x).
In comparison, a cut with a rational angle leads to a sequence of values with
an iterating pattern and has, therefore, a periodic structure. The sequence of
values of an irrational cut is not periodic, and it doesn’t possess any translational
symmetry. It is a one-dimensional quasicrystal that resembles the Fibonacci
number sequence, which is defined through the recursion of: f n = f n − 1 +
f n − 2f or n > 2 with the initial values f 1 = f 2 = 1. Even in a Fibonacci
series (wn = LSLLSLSLLSLLS; f n = 13) it is difficult to see the order and
to understand the aperiodicity. The raising of the dimensional space exposes the
underlying structure of the quasicrystal and makes the non-periodic order feasible.
A projection from 2-D to 1-D results in a Fibonacci chain. The 2-D quasicrystal
lattice, like the well-known Penrose tiling, results from the projection of a 5-D
space. For 3-D quasicrystal structures, projections from the 6-D are chosen.

Figure 11. shadow projection of a three-dimensional dedocehedral quasicrystal cluster.
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Considering this, to create a three-dimensional quasicrystal is to find
the “location” of the dots in a periodic arrangement of points in a six- or
higher-dimensional space. The three-dimensional space is a linear subspace of the
six-dimensional space that cuts it at a certain angle. The projection of every point
of the six-dimensional space to the three-dimensional subspace (perp-space) that
is located within a certain distance and the angle is an irrational number such as the
golden mean, results in a quasi-periodic pattern. Any pattern obtained in this way
is either periodic or quasi-periodic, depending on the angle and distances of the
arrangements in the higher dimensional space. The fascinating fact of aperiodicity
is its close relationship to periodic order, without itself being periodic. (De Graef
& McHenry, 2012; Robbin, 2008; Senechal, 1996; Socolar, 1999)
Besides the fact that different crystal arrangements do vary geometrically and
in their chemical constitution, their underlying code may even contain different
information. By recognizing patterns in the code, regularities and recurring
sequences can form single unit crystals, as in case of perfect crystals, or several
differently shaped ones, in composed structures. These recurring patterns can be
perceived as an expression of a language. The individual elements in the code are
like single letters in the alphabet or indices of a finite set; they form separate words
and several words result in a series, which can create a sentence.

Figure 12. Sixteen quasitiles with distinct decorations.

Just like sequences of the four different nucleotides (A, T, G, C) expresses
the DNA information of cells, the code sequences in crystals represent the
crystallization instruction for the growth and development. The DNA helix
structure with the four base pairs can be understood as a quasicrystal since the
aperiodicness of sequence in the code is the same as that in quasicrystals and never
repeats periodically.(Monod, 1971)
The aperiodic structure acts as a language and code. What they both have in
common is the meaningfulness in the organization. It seems like they deal with
permutation and combination of a small finite set of basic units in order to create
systems of communication. On the contrary to a written text, the sequence of the
DNA itself doesn’t inherit any meaning. The DNA is more like a programming
language that through the computation of the code it is gaining in significance.
In the world of quasicrystals, specific sections of the code describe aperiodic
occurring crystal clusters. Simple periodic order or complex aperiodicness is
embedded in the code. The development of this specificity is equivalent to the
structure of a narrative. It is a language that makes it possible to articulate
and to differentiate in crystalline structures. The crystal code can be interpreted
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differently, and the geometric translation can show various renderings. Just like
a periodic crystal is a combination of a regular lattice and a basis information.
This act of differentiation of geometry allows a universal abstract system to be
understood in different bodies.

Figure 13. Crystal-quasicrystal lattice.

The focus of the ongoing examination of crystals and other structural
constitutions is not to resemble or to mimic these crystalline arrangements. It is
only about the general principle of these formation processes. It is the principle of
the code that already represents a structure. The general goal of the research is to
create a kind of an “alphabet” in which the code of crystals is the articulation of
space. The code characterizes a concept or process as well as an actual building
or design. A crystal is built up on the three-dimensional arrangement of units
that defines the mathematical concept of a lattice (crystal system). Each unit
comprises a pattern of translated, rotated and reflected elements within a unit (point
group symmetry). The lattice only supplies the framework that is filled in crystal
structures by patterns of elements. Elements are organized to establish spatial
concepts with the notion of topological crystals.

Figure 14. Organization of joining elements.

The research project is not about to invent new shapes or about how to
implement these ideas to design whole architectural buildings in the first place.
It’s more about the knowledge we gain from the exploration of these algebraic
models of crystals.
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Figure 15. Render of crystal space.

6. Conclusion
There is still so much to discover in the concept of crystals as characteristic
elements of spatialities. Not only is this research project an enrichment to the
field of mathematics and applied geometry, but also opens up perspectives in
architecture. Through the purposive abstraction and translation of spatialities
combined with the notion of crystals as a code like structure, it is possible to
scrutinize the meaning of space in order to create space for new architectonical
articulations. Even the consideration, of translating and combining various
algorithmic principles without directly embodying these algorithms in a geometric
shape, is another approach to design. Because to make use of generative
algorithms, does not automatically mean to mimic or recreate structures. It is the
principle of the code that already represents a structure, which provides a basis for
spatial ideas.
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