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The article presents the 'Digital Geometry Techniques' course taught at the
second year of the undergraduate course at the Faculty of Architecture in the
Warsaw University of Technology - WUT. The course introduces mathematical
theory and generative modeling in order to prepare the students to consciously
plan their creative process and to choose the set of tools according to an initial
analysis of modeling constraints. The students gain knowledge on advanced
CAAD techniques through learning functions of a particular program, and also
by tackling geometry-related problems derived from real-world architectural
projects. They are able to develop individual solutions using adequate
techniques. We present three different students' semester works as examples to
reflect on the significance of mathematics and algorithmization in the process of
problem solving and form creation in architecture and urban design.
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An architect’s creative process starts long before a
ﬁrst line appears on a piece of paper. In The Logic
of Architecture (1990) William Mitchell points out that
when we characterize designs we make claims about
constructions of the imagination. These claims can
be expressed through sketches, drafts, physical or
digital models. We implicitly place our concepts in
an environment, which Mitchel refers to as a design
world. He describes it as a space with a collection
of verbal or graphic symbols that can be inserted in,
deleted or manipulated. In other words, a language
we need to learn to communicate our intentions eﬃciently.
In over a hundred years of the WUT Faculty of
Architecture’s history, teaching this language was re-

alized by the descriptive geometry course. Descriptive geometry was ﬁrst introduced in the initial curriculum in 1915 and it remained one of the core
courses in the study program since then. The course
included lectures and exercises combined in a 90hour unit (Tulkowska-Słyk 2010). Its importance inside the undergraduate curriculum grew in the following years. During the post-war period it ranged
between 120 and 165 class hours, which represented
the average program module, matching fundamental courses such as building construction systems,
history of arts or structural design.
The course covered drawing complex spatial
forms and their transformations with traditional
manual drafting techniques. It introduced elements
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of visualization, as constructing shadows both on itself and casted on other objects, and visual representation of objects in orthogonal and perspective projections. As these issues have a mathematical foundation, the course’s lectures introduced theories that
provide the base for practical exercises solved individually by the students.
Throughout the following decades, descriptive
geometry techniques remained the basic mean of
design representation as it allowed architects and
students to present their creations according to professional standards. Proﬁciency in geometric drafting was considered fundamental for broadening spatial imagination skills and for building a base of formal inspirations. Therefore, descriptive geometry remained a relevant subject in the study program.
Since 1980s, its relevance has gradually decreased due to the ease of computer techniques.
Traditional straightedge-and-compass drafting appeared to be less practical and overall ineﬃcient. The
relative simplicity of CAAD tools has dissipated the
complexity of form construction processes, both in
the professional practice and in architectural teaching (Hersey 2000). The basic reason for studying descriptive geometry has seemingly faded. Parallely,
embracing these new methods didn’t go hand in
hand with a reﬂection on their eﬀectiveness in shaping architects’ imagination and creativity (Duarte
2016).
Last year, we evaluated the CAAD-related block
of the curriculum and extended the study basis with
the Digital Geometry Techniques (DGT) course. The
aim of this new course was to address issues considered previously during the descriptive geometry
classes adapting it to the digital age context. The
complexity of contemporary architecture designs
have made the traditional methods of descriptive
geometry obsolete. Each architecture project may
contain elements, including environmental analysis,
structural simulation and generation of sophisticated
geometries, that are unique and as such require an individual approach. Contemporary architects should
be prepared to create their own custom tools that
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would enable such a custom approach. Increasingly
popular generative tools such as visual programming
languages (VPL) that do not require advanced programming skills successfully combine the need for
individual methods with professional - yet limited to
standard solutions - software.
We observe that in the early stages of architectural education students commonly limit or determine their concepts based on tools chosen a priori.
A frequent fascination with eye-catching parametrically generated designs increments the risk of generative tools being misused if not understood correctly. During the development of the DGT course,
we assumed that a full understanding of form shaping requires a solid knowledge of its mathematical
background. Therefore, one of our main goals was
to strengthen the awareness of mathematical basics
of designs created with digital tools. At the same
time, the works of Duarte, Celani and Pupo (Duarte
2012) show that the creative component is crucial for
successful introduction of new techniques to the students. In the DGT course our goal was to provide
the creative process with a clear and coherent order.
In this creative process the concept evolves from the
initial often abstract idea, to mathematical formalization, and ﬁnally to its transcription into a CAAD tool.
We believe that this approach facilitates the choice of
suitable media and creation of custom solutions.
This paper covers our experience in conducting
the ﬁrst edition of the DGT course. We evaluate if we
were able to meet the aforementioned goals and reﬂect on the consequences of replacing the traditional
form of teaching descriptive geometry with this new
subject.

MATHEMATICAL FORMALIZATION OF AN
IDEA
The language behind every computer aided architectural model is mathematics - from a line in a simple drafting program to a data-driven parametric definition. Whereas most of the popular design software ultimately hides its functional fundamentals
from the user, the generative tools give priority to

the mathematical relationships. In the DGT classes
we highlight these relationships by introducing the
students to geometry-related problems derived from
real-world architecture realizations and encouraging
them to develop their individual solutions using suitable techniques and tools.
The course workﬂow involved three stages. First,
students undertook an exploratory research on a
given geometric issue. These issues covered a variety of abstract mathematical concepts from noneuclidean geometry, analytical geometry and basic
calculus to topology. This initial study lead to understanding the speciﬁcity of each theme and identifying its intersection with the ﬁeld of architecture
or spatial design. The exercise included classifying
spaces, buildings, details, artworks or other design
activities - material or virtual - which feature the examined phenomena.
Secondly, the students selected a speciﬁc feature
within the given geometric issue for further analysis.
We asked them to perform a logical breakdown of
a design work of their choice and to use their ﬁndings as an inspiration for their own geometric composition. The task was to formalize their ideas using a precise language of mathematics. This process
was supported by lectures in mathematical theory in
order to facilitate the choice of the appropriate approach. Our aim was to clearly state that the same
object can be deﬁned in a number of diﬀerent ways.
For example, a primitive cube can be described as
an interval in a three-dimensional linear space, a set
of eight Cartesian points, six intersecting planes, radial distance between opposite vertices, extrusion of
a plain rectangle, NURBS surface or a span of voxels
(Pottmann 2007). Consequently, each deﬁnition results in a diﬀerent degree of ﬂexibility. The variety of
deﬁnitions can extrapolate to more complex geometries, which can be a boolean composition or deformation of simpler forms. The process of altering the
geometry, however, is another crucial question to be
addressed. Whereas elementary deformations, such
as isometric or aﬃne transformations, are by principle easy to formalize, more sophisticated mappings

might not be given explicitly. Such cases require construction of custom morphing procedures.
Eventually, the students algorithmized their
mathematical deﬁnitions and decided on the best ﬁtting digital technique to be used. This part of the
course was backed by tutorial classes linking mathematical theory with modeling and generative tools.

CASE STUDY: EXAMPLES OF STUDENT’S
WORKS
The class’ ﬁnal project was either a virtual simulation
or a digitally fabricated physical installation format.
We will highlight three examples of representative
student’s works.

Conic Sections
Describing a complex geometrical form requires a
closer look on possible methods of deﬁning the same
shape. In this project students examined methods
of constructing a structure generated with the use
of conic sections. Inspired by the optical phenomena speciﬁc for these geometric shapes, the students
created a parametric model of curved surfaces. The
project simulated the inﬂuence of the surface’s curvature on the illumination and dim-out of certain areas
of the object’s surroundings depending on the position of the light source.
Conic sections can be described in a number of
ways: as an intersection of a conic surface with a
plane, with an analytic formula or a set of parametric
equations. Given the curve, tracing the light distribution can be done easily with principles of geometrical
optics. Each deﬁnition is based on a signiﬁcantly different set of arguments, and allows a distinct scope
of ﬂexibility of the resulting shape. Since the examined physical properties are directly related to the
positions of each curve’s focal point, the experiment
required the curves’ construction method based on
the position of their foci. The students researched
that this kind of control can be achieved with polar
equations, which depend on two variables: the radius, representing the distance between the curve
and the focal point; and the angle, deﬁning the curve
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span. Moreover, deﬁnitions in polar coordinates can
be translated directly into generative software.
In order to achieve the desired eﬀects, the students needed to predict the trajectories of the reﬂected light beams and adjust the conic curves and
position of the light source accordingly. The simulation of light concentration and dispersion areas required the construction of a simple ray tracing algorithm. The algorithm’s method incorporated basic
principles of optical reﬂection. It deﬁned rays with
starting points and vectors, computed curve parameters at intersection points with rays and vectors tangent to a curve at calculated parameters, constructed
vertical planes using a point and two perpendicular
vectors, and ﬁnally, the algorithm reﬂected vectors
along planes.
The simulation resulted in establishing the exact scale and positions of the ﬁnal project’s elements,
which were then fabricated from reﬂective material.
Panels curved into ellipses and parabolas formed an
installation (Figure 1). The installation allowed for interactive simulation of light distribution according to
the position of a light source.

Topology
Could projects like the classical renaissance Villa
Capra and a contemporary liquid-like sculpture as
Cloud Gate have anything in common? The students
researched whether there is a relation between these
two types of projects under certain circumstances.
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The goal of this task was to explore shape properties
that allow morphing of one shape into another without cutting or glueing. These issues concern topology, an area of mathematics bridging geometry and
calculus.
The students observed that buildings simpliﬁed
to their conceptual geometric forms (ignoring all
openings, such as windows, doors and others) can be
treated as topological manifolds. A manifold is a geometric object that can be locally mapped into Euclidean space of the same dimension. For instance,
a two-dimensional polysurface can be considered a
manifold if only there is a reversible transformation
converting an arbitrarily selected patch of the polysurface to a planar region and vice versa.
The students learned that two manifolds can be
morphed into each other if there is a continuously
reversible function, named homeomorphism, which
maps each point of one manifold to a diﬀerent point
on the other one. Although their geometry might
substantially diﬀer, they are topologically identical.
This kind of mapping is rarely given by an explicit formula, but its existence can be indicated on the basis of a number of factors. These factors, so called
topological invariants, represent properties that are
preserved even if the original form is radically deformed. To name a few, connectedness guarantees
the integrity of mapped forms (Steen 1970), dimension invariance makes it impossible to match objects
of diﬀerent dimensions (Engelking 1992), genus assures that a morphed object cannot generate handles (“holes”) [1].
The fundamental challenge of this project was
to construct an algorithmic transformation morphing two diﬀerent geometric objects into each other.
These objects were represented by two topologically identical manifolds. To ﬁnd such representations, both geometries were ﬁrst converted to polygonal meshes - potentially topologically diﬀerent, consisting of diﬀerent number of vertices and diﬀerent relations between them. Secondly, the meshes
were aligned to their centroids and projected on the
same centrally placed sphere. In order to avoid self-

Figure 1
Examples of light
beam
concentration and
dispersion by
hitting parabolic
and elliptic surfaces.

Figure 2
Morphing phases
between Cloud
Gate and Turning
Torso
representations.

intersections of the projections, this step had to be
performed on convex objects. This convexity was assured by implementing iterative Laplacian smoothing. The projection required ﬁnding intersections of
the sphere and rays cast from its center in the directions of all vertices. The original non-convex polygonal meshes were topologically identical with their
representations in the spherical projection. Such projection resulted in two meshes that were geometrically similar, despite their diﬀerent vertex structure.
Lastly, elements of one mesh (its vertices and edges)
were projected onto the other, resulting in a set of
new points and creases that were then incorporated
into the topology of the target mesh. After rebuilding
topological relations of a new mesh, all of its vertices
were mapped back onto both original geometries,
which resulted in two topologically identical manifolds. This process can be performed for multiple geometries with the restriction that this method works
only for closed and compact polysurfaces with genus
0 (closed surfaces without “holes”).
The students constructed transformations that
morphed multiple topologically identical shapes into
one another (Figure 2). They achieved this by linearly
interpolating the coordinates of each vertex constituting one geometry with the coordinates of the corresponding vertices of another. By using any number
between 0 and 1 as an interpolation parameter, they
were able to generate any stage of morphing transformation. In this case, 0 stands for the ﬁrst original
object and 1 represents the latter. Their ﬁnal project
was a matrix of stages between multiple architecture
objects.

Rigid Origami
Designing moveable elements is a common challenge for many architecture students. The issue of
designing structures composed of rigid faces linked
with hinges requires considering a number of mathematical constraints known as mathematics of paper folding. Students investigated the possibilities
of obtaining diﬀerent geometries through creating
creases and folding a stiﬀ material. They created a
computer simulation for computing mountain-valley
schematics of ﬂat folds.
Due to the high complexity of relations between
stiﬀ polygonal elements and various possible folding
angles, the students used a physical simulation engine for their ﬁnal project. The process of preparing data for simulation consisted of dividing a planar surface with lines extracted from a pre-designed
mountain-valley pattern. Such division resulted in
a set of polygonal shapes. These shapes were further divided into triangles, if necessary. The triangles’ stiﬀness was ensured by converting its perimeter into a set of three lines of ﬁxed length. Both the
process of folding and the planarity of polygons consisting of multiple triangles were solved by applying
bending forces between each pair of triangles with a
shared edge. If such edge represented a crease, the
adjacent triangles were iteratively folded along the
edge. The folding direction was determined by applying opposite forces to mountains and valleys. In
case of two triangles forming one polygon, the algorithm avoided folding them together along the common edge in each iteration of the simulation.
After testing multiple schematics of folding, the
students chose a solution and applied it to the ﬁnal
panel by engraving the creases and folding the panel
manually along the grooves (Figure 3).
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CONCLUSIONS AND DISCUSSION
Design worlds, as mentioned by Mitchell, and its
tools developed with the advancement of science
and technology. Architecture object’s means of representations evolved from Euclidean constructions to
descriptive geometry, analytic geometry, until contemporary and computational geometry and other
CAD environments. Currently it is common to see
students limiting their concepts to the languages
they already know or prefer, even if these languages
do not necessarily satisfy their needs and despite
the wide variety of available options. Moreover, it
is equally often that students introduce designs created with algorithms available online without completely understanding them. In the development
of the Digital Geometry Techniques course we addressed these issues directly.
In the showcased examples of students’ works
we showed how the in-depth understanding of a task
inﬂuenced the choice of techniques and tools used
in the process. After a thorough analysis of a given
problem the students were able to formulate a suitable deﬁnition of their idea, to algorithmize it and determine a desired scope of parametrization. Once the
process was well understood and carefully planned,
the selection of used tools proved to be a secondary
decision. As a result, we found that the ﬁrst edition
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of the DGT course reached its goals. In a survey conducted with 115 course participants in January 2017,
six out of eight aspects concerning the course’s scientiﬁc and educational content were evaluated higher
than 4.5/5 (very good), which conﬁrmed our conclusion.
The digital paradigm can detach design from the
limitations of traditional 2-dimensional representation techniques, however it does not limit the acquisition of spatial imagination skills. Simultaneously, the digital paradigm shifts the set of required
skills towards analytical thinking instead of emphasizing manual drafting accuracy. The ﬁrst edition
of DGT was an attempt to help students adapt to
the digital paradigm in descriptive geometry and to
realize its importance in the architecture practice.
Dominant opinions expressed by the students as responses to open questions in the survey indicate that
the course is considered useful and interesting, and
that it helped them to understand how digital tools
can be used more eﬃciently and creatively.
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Figure 3
Simulation of stiﬀ
panel folding.

