A Case Study on the Relationship between Mathematics,
Geometry and Design
Selin Oktan1 , Serbülent Vural2
1,2
Karadeniz Technical University
1,2
{selinoktan|svural}@ktu.edu.tr
Geometry and mathematics have always been disciplines related with
architecture. As the geometry gets more complex, dealing with it becomes more
intuitive. This study focuses on an exercise process, carried out with the third
term undergraduate students, that searches complex geometries. The aim of this
study is to make the students think over mathematical expressions as a design
form and to improve their computational thinking abilities. This study takes the
use of mathematics and geometry one step further in the architectural education
process, and discusses that forms are not just visual values, and that their
mathematical values can be used as parameters in the design process. In this
context, complex three-dimensional objects that are difficult to model in three
dimensions can be modelled and developed with parameters.
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INTRODUCTION
There is no single precise deﬁnition about the word
“mathematics” and various deﬁnitions can be found
in the historical process. Aristotle describes mathematics as “the science of quantity” (Franklin, 2009),
in Greek it means to be taught and learned, Heidegger (1993) told that the mathematical represents the
things that we have already known. Throughout history, mathematics has been a tool to unravel the secrets of the universe and beauty. Beauty and aesthetics tried to be explained by numbers and formulas.
This shows that harmony and aesthetics have a mathematical deﬁnition. Mathematics has always been
an important tool of architecture. The architectural
forms contain mathematical deﬁnitions and uncovering the mathematics of the designs which we intuitively carry out could be an important tool for com-

putational thinking and computational design.
Rivka Oxman (2008) says that as technology develops the architectural education system must be
updated to catch this development. This study takes
the use of mathematics and geometry one step further in the architectural education process, and discusses that forms are not just visual values, and that
their mathematical values can be used as parameters in the design process. In this context, complex
three-dimensional objects that are diﬃcult to model
in three dimensions can be modelled and developed
with parameters.
The aim of the study is to make undergraduate
students to consider the relationship between mathematics and geometry and architecture with a diﬀerent perspective. The objectives of the study are to
show the student that each geometric form actually
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has a mathematical function and to discuss the process of this mathematical function becoming a part
of the architectural design process. Thus, it was possible to model the mathematical functions as threedimensional geometries and to discuss the relationship between mathematics and geometry and architecture with concrete data.

THE CONCEPT OF THE STUDY

tice about modelling the algebraic surfaces. In this
step, the students tried to ﬁnd out how the surfaces
change when they redeﬁne the parameters in the
mathematical deﬁnition. The relation between numbers and forms were tried to be uncovered. At the
end of second step, the students chose one of the alternative surfaces, considering the lighting function.
The rest of the design process was carried out over
the chosen alternative.

The study was carried out with the third term undergraduate students. The study is important for undergraduate students to develop a diﬀerent perspective on the relation between mathematics - geometry and architecture. Additionally, the students’ computational thinking abilities is improved in this way.
Within this context, a design problem has been deﬁned in order to specify a selection criterion for the
complex geometries and to limit the design process.
This design problem is deﬁned as ”designing a lamp
with complex surfaces”.
The exercise process was carried out in four steps
(Figure 1). In the ﬁrst step the students chose some
algebraic surfaces and their mathematical deﬁnition,
considering the design problem. In this step the
students were expected to ﬁnd mathematical deﬁnitions of as many geometries as possible.

Table 1
The design
alternatives of
student groups

Figure 1
The steps of the
exercise process

In the second step of the study, the students
were tried to model the algebraic surfaces on the
Grasshopper 3D plug-in. In this step, the students
were expected to model at least three alternative surfaces (Table 1). Thus, they were expected to prac-

In the third step of the study, the parameters in the
mathematical deﬁnitions were redeﬁned considering
the design problem. With this redeﬁnition some requirements such as creating voids on the surfaces,
changing the ratios were tried to be provided. By
doing this, the students understood more clearly the
meanings of the parameters of the mathematical definitions. At the end of aesthetic and functional evaluations, the ﬁnal design product was decided and then
the fourth step was started.
The fourth step of the study focused on the fabrication process. The main question of this step was
“How to produce the prototype of the ﬁnal product?”.
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Because of the exercise was carried out with the third
term students, using complex production processes,
such as robotic production, was avoided. Instead of
this the fabrication tools were limited to CNC laser
cutting machine. At the end of this step, the students
gained insight about how to unroll a complex surface, how to fabricate a complex geometry with sectioning method, etc.

The First Step: Teaching to Model an Algebraic Surface
The algebraic surface exercise which was carried out
as a part of this study is the last of the exercise series
performed along a semester period, which is about
teaching computational thinking. The students tried
to ﬁgure out the computational relations of some architectural compositions (Figure 2) as a part of elective course called “Computational Modelling in Architecture - I”.
Figure 2
One of the exercise
samples that shows
the research of the
computational
relation

In the teaching process, modelling of two different types of mathematical deﬁnitions were explained. First of them explained over the Gyroid surface which is deﬁned with a single equation:
cos (x)·sin (y)+cos (y)·sin (z)+cos (z)·sin (x) = 0
(1)
In this modelling process the surface alternatives are
produced by changing the variables deﬁned by pi
range or by redeﬁning the parameters in the mathematical deﬁnition. At the end of the process a “mesh”
model is produces.
The second one of the modelling processes is to
determine the points in the cartesian system in the
x, y and z directions with various deﬁnitions. Within
this context Asteroidal (Ellipsoid)’s mathematical definition is:
x = a · cos (u)3 ·cos (v)3

(2)

y = a · sin (u)3 ·cos (v)3

(3)

z = x · sin (v)3

(4)

At the end of the modelling process, x, y and z points
are located in the coordinate system. And then the
surface is formed from this point cloud. As a result of
this process a “polysurface” is achieved.

Figure 3
Gyroid and
Asteroidal
(Ellipsoid)

The case study of making the algebraic surface a part
of design process was performed with the students
at the beginning of the exercise. As sample cases,
modelling processes of “Gyroid” and “Asteroidal (Ellipsoid)” were shown to the students (Figure 3). In
this process, the eﬀects of parameter changes on the
surface was discussed.

During the teaching of algebraic surface modelling,
which is the ﬁrst stage of the exercise, the logic of
creating geometric surfaces with diﬀerent deﬁnitions
was explained to the students. In the second stage of
the exercise, changing the parameters of mathematical deﬁnitions and the eﬀects of these changes on
the surface was discussed.
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Table 2
Gyroid surface |
Parametric
deﬁnition and
parameters

The Second Step: Changing Parameters to
Fulﬁll the Function
The standard surface obtained by the mathematical
deﬁnition needs to be arranged and to fulﬁl the functional necessities. Within this context, ﬁrstly, the parameter changes of the mathematical deﬁnitions of
Gyroid and Asteroidal (Ellipsoid) and their eﬀects on
the forms were tested (Table 2). These surfaces are rearranged by changing the variables deﬁned from -pi
to pi and / or by changing the mathematical deﬁnitions that deﬁnes the point cloud. In the Table 2 the
eﬀects of the various variables on the surface is seen.
When the variable range is deﬁned from -pi to pi or
0 to 2*pi, it is seen that the geometry can be formed
as a whole. When the range is deﬁned 0 to pi one of
the repeated surfaces of the geometry is obtained. If
the variable range is deﬁned from 3/4*pi to 0 it is seen
that a smaller part of the surface is formed.
Table 3 shows the parameter and form relations
for Asteroidal (Ellipsoid). If the range is deﬁned from
0 to pi, it is seen that half of the surface is formed. The
other form reorganization was tried by changing the
mathematical deﬁnitions. These experiments performed with the students are important in terms of
giving them an idea of how they should approach the
mathematical deﬁnitions. After this step, the student
groups produced their mathematical deﬁnitions. The
students searched the form deﬁnitions considering
the lighting function. In the following part of the
study, the studies of two of six student groups will be
explained.
In the Table 4, the initial forms chosen by the students and the mathematical equations of these forms
are given. The students studied on various alternative surfaces before choosing the surfaces that they
would design as a lamp (Table 1). Then they chose
one of those alternatives and tried to redeﬁne the surfaces by changing the parameters.

Table 3
Asteroidal Ellipsoid
surface | Parametric
deﬁnition and
parameters

Table 4
The initial forms of
the student groups

The Third Step: Trying Alternatives
In the third step the students searched various alternatives of chosen surfaces . They tried to fullﬁll
the lighting function by changing the parameters of
mathematical deﬁnitions. In this step it is observed
that the students made the changes by intuitional
approaches or trial and error method. Thus, they
could understand the meaning of the mathematical
deﬁnition by intuitional approach.
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Table 5
Group A |
Alternative forms

expressions of the single piece obtained. The ﬁnal
product was created by reproducing the surface by
the reference of symmetry axes (Figure 4).

Figure 4
The ﬁnal designs

Two alternative forms created by Group A and B are
shown in the tables (Table 5 & 6). By making changes
in mathematical expressions, Group A made tries
such as surface reduction and changing the curvature of the surfaces. The alternatives were evaluated
in terms of aesthetic value and whether there are
enough voids for lighting function, or not. As a result of the evaluations, it was decided that the original surface would be an aesthetically better result instead of alternative ones.
Table 6
Group B |
Alternative forms

Group B tried to obtain the one part of the original
form consisting of two symmetrical parts. In this context, by changing the values of -pi to pi, the single
part of the form was able to be obtained. The form
was tried to be improved in terms of size, ratio and
proportion by making changes in the mathematical

After deciding the ﬁnal forms of the lamps, the students were asked to produce a 1:1 scaled prototypes
of the lamps. Thus, they were pushed to produce
ideas for the production of complex forms that they
obtained with mathematical deﬁnitions.

The Fourth Step: Formulating an Idea For
Fabrication
Within the scope of the exercise, the processes of
modelling and manipulating complex geometries
with the help of mathematical deﬁnition were studied. As a result of observations, it was seen that the
students were afraid to make complex forms a part
of their designs due to the problems that they may
encounter in the process of both modelling and producing their physical models. Within the scope of the
exercise, the fabrication process of theses kinds of
complex shapes was also discussed. This is important
to show the student that it is not actually as diﬃcult
process as they thought. It was decided to carry out
this process with the CNC laser cutting tool, which is
relatively easier for students to reach than the more
advanced production tools that can be ideal for the
production of complex surfaces such as robotic production. In this context, methods such as unrolling
surface or sectioning were preferred in the production processes of the surfaces.
Group A decided to use sectioning method for
the fabrication process (Figure 5). The material thickness, the gaps between sections are deﬁned as the
parameters of fabrication process. The junction details were also deﬁned on the parametric model. Every section piece to be fabricated is arranged on a
sheet material and made ready for the fabrication
with CNC laser cutting machine.
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Group B decided to use surface unrolling method
(Figure 6). Within this context, the basic shape of the
surface was unrolled by the means of modelling software. The obtained form was cut on the material and
the basic parts that would form the physical model
were cut. By getting together 12 identical pieces, the
ﬁnal physical model was created.

DISCUSSIONS AND RESULTS
Within this study, an exercise process was carried
out that searches to make mathematical deﬁnitions
a part of the design process. The exercise focuses on
transforming the mathematical deﬁnition ﬁrst into
geometry and then into an architectural form. The
study is important in terms of being carried out with
third term undergraduate students. Thus, while the
students were still at the beginning of the educational process, they had the opportunity to evaluate
the relationship between architecture and geometry
and mathematics from a diﬀerent perspective. As a
result of the study, the student learned that any form
can be expressed mathematically.
It was observed that the idea of designing with
the use of numbers increased the student’s interest
in the lesson. The students found it interesting that
the mathematical deﬁnitions, which they were familiar with from high school period, went beyond the
graphical explanation and became a part of architecture. The fact that they can directly experience 3D
geometry by changing the parameters of mathematical deﬁnitions is positive in terms of understanding

the abstract expressions in the equations.
During the study process, changes in mathematical deﬁnitions were made intuitively or randomly.
Although every stage of the design process was carried out by numbers, the selection of the ﬁnal products was made with an intuitive or aesthetic approach. This approach has been deliberately chosen in order not to make the working process even
more diﬃcult. In future studies, it can be suggested
as a method to determine the form computationally
and supporting it with optimization processes suitable for the function.
It can be proposed that similar exercises can be
carried out in cooperation with the disciplines of
mathematics and architecture, considering as an interdisciplinary study. In this way, manipulations on
the form can be made more conscious. Improving exercise in this direction will be instructive for both disciplines. Mathematicians will be able to discover the
potential of three-dimensional geometries of mathematical deﬁnitions, while architects will be able to
see that mathematics is actually hidden in any form
they designed.
The world is actually a collection of data and
making it a part of the design is possible with computational thinking in the architectural design process. Within this study, mathematics of the shapes
becomes the data of the design process. As computational design tools are improved, the data of the
architecture becomes more visibile. To see the data
which has already been in architecture, the way to
think in a computational way should be developed.
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Figure 5
The fabrication data
and the prototype

Figure 6
The fabrication data
and the prototype

