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I ntroduction
$UFKLWHFWXUDOSODQQLQJLVEDVLFDOO\DWZRVWHS
SUREOHPVROYLQJSURFHVV7KHÀUVWVWHSGHPDQGV
to determine those design conditions that
describe the current state of the problem and
those that a goal state of the problem must
VDWLVI\,QLWLDOFRQGLWLRQVFRQFHUQWKHSURMHFW
LQVHUWLRQFRQWH[WPDLQO\LQFOXGLQJDSSOLFDEOH
regulations and technical requirements. Goal
conditions in turn, are concerned with the design
intentions including needs and preferences of
FOLHQWVDQGSODQQHUV6WULFWO\VSHDNLQJERWK
W\SHVRIFRQGLWLRQVGRQRWKLQJHOVHWKDQWR
FRQVWUDLQWKHVHWRIDOORZHGYDOXHVWKDWPD\
VDWLVI\FHUWDLQFRQÀJXUDUWLRQYDULDEOHVRID
goal state of the problem. Planning constraints
VSHFLÀFDOO\FRQFHUQLQJWKHVSDFHDOORFDWLRQ
problem belong to the class of topological
FRQVWUDLQWV7RSRORJLFDOFRQVWUDLQWVVSHFLI\
DGMDFHQF\UHODWLRQVKLSVEHWZHHQVSDFHV
DQGZLWKWKHLULPPHGLDF\6RVRODUDFFHVV
UHTXLUHPHQWV VSDFHRULHQWDWLRQ PD\EH
VSHFLÀHGE\WRSRORJLFDOFRQVWUDLQWVRQDGMDFHQF\
relationships between spaces and cardinal points
of the compass.
The second step concerns the act of designing,
which demands to create at least one instance
RIVSDFHFRQÀJXUDWLRQWKDWPD\RUQRWPDWFKD
goal state of the problem, and then to evaluate
it under diverse criteria. This instantiation of a
SRVVLEOHJRDOVWDWHRIWKHSUREOHPLVRQO\IHDVLEOH
E\DVVLJQLQJVSHFLÀFYDOXHVWRDPLQLPXP
QXPEHURISDUDPHWHUVUHTXLUHGWRVSHFLI\WKH
eventual design solution in the three-dimensional
VSDFHXQDPELJXRXVO\$YDOLGGHVLJQVROXWLRQ
to a space allocation problem is then a state
RIWKHSUREOHPGHÀQHGE\DQDVVLJQPHQWRI
YDOXHVWKDWGRHVQRWYLRODWHDQ\WRSRORJLFDO
constraints determined before. The creation of
DGHVLJQVROXWLRQDQGLWVYDOLGDWLRQSURFHVVPD\
FRQVXPHDORWRIWLPHDQGUHDVRQLQJFDSDFLW\
,QORZFRVWKRXVLQJSODQQLQJDYDLODELOLW\RIWLPH
and resources to search for additional solution
DOWHUQDWLYHVLVUDUH6RSODQQHUVXVXDOO\UHSHDW
SURYHQGHVLJQSDWWHUQVWKDWPD\RUQRWEHWKH
optimum alternative for the client requirements.
Current competitive project-based funding
schemes applied in Chile – pioneer in reducing
the housing shortage among Latin American
countries – demand to develop new planning
methodologies to exploit the advantages of
modern ICTs. In the domain of space allocation
problems, disciplines like Operations Research
DQG,QWHJUDWHG&LUFXLW'HVLJQDUHZD\DKHDG
in developing suitable methods and supportive
WHFKQRORJLHV,QUHJDUGWRWKHSDUWLFLSDWRU\
planning support, convetional planning methods
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We introduce the theoretical
foundations to allow an accurate
formal representation of the
design problem on the inner
VSDWLDORUJDQL]DWLRQRIORZFRVW
dwellings. The ultimate goal is to
support participatory planning
SURFHVVHVWKURXJKFRQVWUDLQWEDVHG
design methods. We examine
the space allocation problem on
the basis of Graph Theory and
Combinatorics, providing a concise
mathematical background for an
own implementation strategy called
FLS (Floor plan Layout Support). FLS
FRPELQHVXVHUGULYHQUHDVRQLQJZLWK
DXWRPDWHGVHDUFKWHFKQLTXHV7KH
XVHUVSHFLÀHVDVHWRIDGMDFHQF\
constraints between rooms whereas
DQDXWRPDWHGVHDUFKÀQGVDGGLWLRQDO
solution alternatives that match
a problem goal state. Our testbed
is the Chilean normative model
IRUORZFRVWKRXVLQJ7KLVDUWLFOH
SUHVHQWVIRUWKHYHU\ÀUVWWLPHWKH
FRPSOHWHVHWRISRVVLEOHÁRRUSODQ
layout alternatives for the Chilean
ORZFRVWKRXVLQJDQGDSUREOHP
solving procedure and decision
VXSSRUWPRGHOWRÀQGWRSRORJLFDOO\
YDOLGVROXWLRQVWRDVHWRIXVHU
VSHFLÀHGFRQVWUDLQWV
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DQG&$'V\VWHPVXVHGLQWKHSUDFWLFHRI
architecture do not meet the requirements in
terms of a cost-effective project development.
Objectives
2XUÀUVWJRDOLVWRGHYHORSDQDFFXUDWHIRUPDO
representation of the space allocation problem
concerning the domain of low-cost housing
planning. Graph-based representations are
known in the architecture domain as bubble
GLDJUDPVSUHFHGLQJWKHÁRRUSODQOD\RXWZKLFK
is a scaleless two-dimensional representation
of a state of the space allocation problem.
1H[WZHZLOOGHWHUPLQHKRZPDQ\RQHVWRU\
ÁRRUSODQOD\RXWDOWHUQDWLYHVFDQEHDFKLHYHG
DFFRUGLQJWRWKHDUFKLWHFWXUDOSURJUDPGHÀQHG
in the Chilean normative model for low-cost
housing. Then, we will test a constraint-based
VROYLQJSURFHGXUHWRÀQGDVHWRIWRSRORJLFDOO\
YDOLGVROXWLRQDOWHUQDWLYHV)LQDOO\ZHZLOOWHVW
a standard procedure of Prescriptive Decision
7KHRU\WRSURYHWKHGHJUHHRIHIÀFLHQF\RIWKH
)/6VWUDWHJ\
Perhaps the main advantage of using methods
RI*UDSK7KHRU\WRGHFRPSRVHGLYHUVH
SUREOHPVLVWKHDELOLW\WRSURYLGHDPXFKEHWWHU
understanding of the intimate relation between
WKHVWUXFWXUHRIWKHSUREOHPDQGWKHGLIÀFXOW\
of solving it. The standard representation of the
structure of a constraint satisfaction problem
(CSP) is also a graph. In this case, the vertices of
the graph correspond to variables of the problem
and the edges correspond to constraints. Hence,
WKHVWUXFWXUHRIWKHFRQVWUDLQWJUDSKPD\EH
XVHGWRVLPSOLI\WKHVROYLQJSURFHVVE\JLYLQJDQ
H[SRQHQWLDOUHGXFWLRQLQFRPSOH[LW\>5XVVHOO@
5HJDUGLQJRXUSXUSRVHVZHZLOOXVHWKHW\SH
of simple connected planar graphs to represent
DGMDFHQF\UHODWLRQVKLSVEHWZHHQGZHOOLQJ
URRPVDQGZLWKWKHRXWVLGH:HZLOOGHWHUPLQH
different classes of graphs on the basis of
their morphological structure such that two
nonisomorphic graphs are considered as two
different classes of isomorphic graphs. Thus,
DODEHOHGJUDSK LHZLWKGLVWLQFWO\LGHQWLÀHG
vertices) is considered an instance of its class.
7KHFRQYHUVLRQRIDODEHOHGJUDSKLQWRDÁRRU
SODQOD\RXWPD\EHDFKLHYHGWKURXJKGLIIHUHQW
computation procedures. Perhaps the oldest and
VLPSOHVWRIWKHPLV*UDVRQ·VVSHFLDOW\SHRIGXDO
JUDSKUHSUHVHQWDWLRQ>*UDVRQ@1RZDGD\VD
SUHSURJUDPPHGOLEUDU\RIJHRPHWULFREMHFWV
VLPSOLÀHVWKHSURFHVVWRZDUGVDYLVXDOL]DWLRQ
of the design solution alternatives. The whole
idea is to elaborate a concise map describing
DOOSRVVLEOHÁRRUSODQOD\RXWDOWHUQDWLYHVWRRXU
VSHFLÀFSUREOHP$JUDSKLFXVHULQWHUIDFH

HQGRZHGZLWKDQDGMDFHQF\PDWUL[DOORZLQJ
WKHLQSXWRIORJLFDOYDOXHV^WUXHIDOVH`PD\
HQDEOHWKHXVHUWRVSHFLI\DVHWRIWRSRORJLFDO
FRQVWUDLQWVDQGWKHQLQWHUDFWLYHO\H[SORUH
GLIIHUHQWYDOLGDOWHUQDWLYHVRIÁRRUSODQOD\RXWV
According to Gross (1986) the constraint-based
design process is an exploration of alternative
sets of constraints and of the regions of
DOWHUQDWLYHVROXWLRQVWKH\ERXQG8QWLOQRZWKH
FXVWRPDU\XVHRIGHVLJQFRQVWUDLQWVKDVEHHQ
relegated to low-level product development
SKDVHVPDLQO\FRQFHUQLQJJHRPHWU\PRGHOLQJ
Our research intentions aim at a computer
DLGHGFRQVWUDLQWEDVHGSDUWLFLSDWRU\SODQQLQJ
SURFHGXUHZKHUHE\KLJKOHYHOEXLOGLQJ
GHYHORSPHQWSKDVHVPD\EHSHUIRUPHG
Development
)LUVWZHGHÀQHRXUWHVWEHGWKH&KLOHDQ
normative model for low-cost housing. The
Article 6.4.1., Chapter 4, Title 6 of the Chilean
EXLOGLQJFRGHVWDWHV´$OOWROGWKHORZFRVW
housing shall have at least three enclosures:
one bedroom to accommodate two beds, one
room to accommodate living, dining and cooking
activities, and one bathroom with toilet,
ZDVKEDVLQDQGVKRZHU´>2*8&@
Second, we reduce variables of the problem. In
order to reduce the production of trivial solution
alternatives, we determined a minimum set of
LQLWLDOFRQVWUDLQWVWRVSHFLI\DJHQHULFGHÀQLWLRQ
RIWKHYHU\ÁRRUSODQOD\RXW
1.7KHÁRRUSODQRIDQ\DUFKLWHFWXUDOVSDFHLVD
plane surface.
2. All rooms are allocated on a plane surface.
3.7KHÁRRUSODQRIDQ\URRPLVDUHFWDQJOH
4. Each room must be adjacent to at least one
other room (compactness).
5.7KHFRPSOHWHÁRRUSODQLVDUHFWDQJOH
&RQVWUDLQWVDQGH[SUHVVWKHHOHPHQWDU\
JHRPHWULFQDWXUHRIWKHÁRRUSODQOD\RXW
UHSUHVHQWDWLRQ%\FRQYHQWLRQDQ\ORVVRIXVHIXO
VSDFHE\URRPFRUQHUVZLWKDFXWHDQJOHVVKRXOG
EHDYRLGHGE\XVLQJUHFWDQJOHV  )XUWKHUPRUH
the most compact surface is a convex surface
 %\VLPSOHGHGXFWLRQWKHRQO\FRQYH[SODQH
VXUIDFHWKDWPD\UHVXOWIURPWKHFRPSDFW
allocation of rectangles is a rectangle too (5).
The compact two-dimensional allocation of n
rooms on rectangles gives a total number of n
²SDUW\ZDOOV7KLVLVDFWXDOO\WKHPLQLPXP
SRVVLEOHDPRXQWRISDUW\ZDOOVDQHIIHFWWKDW
SHUIHFWO\DJUHHVZLWKFRVWVDYLQJFULWHULDDQG
WKHUPDOLQVXODWLRQRSWLPL]DWLRQ
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Third, we state the problem.
Given: a. A set i0 of three rooms, such that i0 =
{A, B, C}
b.)RXUFDUGLQDOSRLQWVUHSUHVHQWHGE\
WKHQDPHVHTXHQFH^1(6DQG:`
)LQGWKHFRPSOHWHVHWRIWRSRORJLFDOO\
YDOLGVROXWLRQDOWHUQDWLYHVIRUDWKUHH
URRPVVLQJOHVWRU\GZHOOLQJZLWKLQWKH
PRVWFRPSDFWVXUIDFH
)RXUWKZHGHFRPSRVHWKHSUREOHP,QRUGHU
WRH[SODLQWKHSURFHGXUHVRPHHOHPHQWDU\
GHÀQLWLRQVPXVWEHJLYHQ
Def. 1.: An undirected graph *  9( is a pair
9( , where V is the vertex set of G, and ( is
the edge set of G which consists of unordered
pairs of vertices; i.e. e = ^XY`?in E, where u, v
\in V and XY. Thus, XY = YX . If XY \in
(LQ*  9( , a vertex v is adjacent to a vertex
XX Y:KHQWKHJUDSKLVXQGLUHFWHGWKH
DGMDFHQF\UHODWLRQLVV\PPHWULF
Def. 2.: A simple graph is an unweighted,
undirected graph containing no self-loops.
Def. 3.: A graph is connected in the sense of
DWRSRORJLFDOVSDFHLIWKHUHLVDSDWKIURPDQ\
YHUWH[WRDQ\RWKHUYHUWH[LQWKHJUDSK

Def. 4.: A planar graph is one which can be drawn
LQWKHSODQHZLWKRXWDQ\WZRHGJHVLQWHUVHFWLQJ
)LIWKZHHODERUDWHDJUDSKEDVHGUHSUHVHQWDWLRQ
of the problem structure. Let *L  9( be a
VLPSOHFRQQHFWHGSODQDUJUDSK, with a set of 4
vertices that represent the cardinal points, and
a set of 3 vertices that represent the rooms.
%RWKVHWVRIYHUWLFHVDUHGLVWLQJXLVKHGE\WKHLU
SHUPXWDELOLW\8QOLNHURRPVFDUGLQDOSRLQWVDUH
À[HGLQVSDFHLQVXFKDZD\WKDWWKHYHUWLFHVDUH
LQHYHU\FDVHDOORFDWHGDVXSSHU 1RUWK ULJKW
(DVW ORZHU 6RXWK DQGOHIWYHUWH[ :HVW 
2EYLRXVO\DSHUPXWDWLRQEHWZHHQWKHVHYHUWLFHV
is not possible. It turns out that the complete
VHWRIWRSRORJLFDOO\YDOLGVROXWLRQDOWHUQDWLYHVIRU
this particular problem is a union set of instances
of two different classes of isomorphic planar
connected graphs, * and * 6HH)LJ 
In * and in *, edges connecting cardinal
SRLQWVSUHVHUYHDF\FOHVWUXFWXUH6RZHFDQ
consider the triad of vertices in the centre of
each graph as a subgraph *· for each class *
and *RIJUDSKVUHVSHFWLYHO\6LQFHHDFKURRP
PD\EHUHSUHVHQWHGE\DQ\XQODEHOHGYHUWH[RI
*·, their permutation of degree 3 gives a total
number of 3! = 6 different labeled subgraphs *·
UHSUHVHQWLQJÁRRUSODQOD\RXWDOWHUQDWLYHVIRU
HDFKFODVVUHVSHFWLYHO\

)LJXUD
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)XUWKHUPRUH,QRUGHUWRÀQGVSDFHRULHQWDWLRQ
alternatives, we count 4 different rotations of
*· around its geometrical centre: U = 90°, U =
180°, U = 270°, and U = 0° (also called the null
rotation). This procedure gives us a total number
of 6 * 4 = 24 labeled graphs for each class *
and *RIJUDSKVUHVSHFWLYHO\1HYHUWKHOHVV
for the class * of graphs, two automorphism
sets appear in the rotations U = 180° andU =
270°of *·. Each automorphism set contains 6
identical instances of the class * of graphs
WKDWKDYHWREHGLVFRXQWHG)LQDOO\WKHUHDUH
RQO\GLIIHUHQWLQVWDQFHVRIWKHFODVV* of
graphs, and 24 possible instances of the class
* of graphs.

PDSUHSUHVHQWLQJWKHFRPSOHWHVHWRIÁRRUSODQ
OD\RXWDOWHUQDWLYHVIRUWKH&KLOHDQQRUPDWLYH
PRGHORIORZFRVWKRXVLQJ 6HH)LJ 

Sixth, we solve the problem. The complete set
RIWRSRORJLFDOO\YDOLGVROXWLRQDOWHUQDWLYHVIRU
DWKUHHURRPVVLQJOHVWRU\GZHOOLQJZLWKLQWKH
most compact surface contains 2 * 3! + 4 * 3!
GLIIHUHQWÁRRUSODQOD\RXWDOWHUQDWLYHV
Considering the three areas for living, dining and
cooking activities inside a single room, its formal
representation shall be a FOXVWHUHGJUDSK,
ZKHUHE\WKHFRPSOH[LW\RIWKHSUREOHPLQFUHDVHV
H[SRQHQWLDOO\)XUWKHUDQDO\VHVSURYHWKDWDWRWDO
number of 36 classes of FOXVWHUHGJUDSKV are
required to achieve the aforementioned

This minimum amount of constraints leaves
XVRQO\YDOLGÁRRUSODQOD\RXWDOWHUQDWLYHV
PDUNHGRQ)LJ

)LJXUD

8VLQJWKHVDPHSURFHGXUHEXWWDNLQJDQH[WUD
subgraph into account, the complete set of
solutions contains then 3! * 2 * 2 * 2 + 3! * 4
  GLIIHUHQWÁRRUSODQOD\RXW
alternatives.
Seventh, we introduce some constraints to the
problem on three rooms {A, B, C} stated above:
1. 5RRPV$DQG&FDQQRWVHUYHDVFLUFXODWLRQVSDFH
2. 5RRP%PXVWEHRULHQWHGWRWKHQRUWKHDVW
3.5RRP&PXVWEHRULHQWHGWRWKHQRUWK

(LJKWKZHWHVWDVWDQGDUGGHFLVLRQPRGHO(YHU\
decision model consists of four basic elements
[Laux 03]: (i) alternatives, (ii) outcomes, (iii)
state of nature, and (iv) objective function (if
needed). The possible outcomes of a decision are
GHÀQHGDVWKHFRPELQHGHIIHFWRIDFKRVHQ
alternative and the state of nature that obtains.
Let be C and B the most private rooms of
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the dwelling (e g. bedroom and bathroom). A
relevant variable to the state of nature is the
space orientation with respect to the street:
Let be,
Sate of Nature 1:
7KHVWUHHWDWWKHQRUWKVLGHRIWKHVLWH
Sate of Nature 2:
7KHVWUHHWDWWKHVRXWKVLGHRIWKHVLWH

Laux, H. 2003. Entscheidungstheorie. SpringerVerlag, (5th ed.), ISBN 3540438777, Berlin.
OGUC. 2004. Reglamento Especial de Viviendas
(FRQyPLFDV2UGHQDQ]D*HQHUDOGH8UEDQLVPR
\&RQVWUXFFLRQHV0LQLVWHULRGH9LYLHQGD
9LYLHQGD\
\
8UEDQLVPRGH&KLOH
Russell, S., and Norvig, P.$UWLÀFLDO
Intelligence: A Modern Approach. Prentice Hall,
(2nd ed.). Englewood Cliffs, ISBN 0137903952,
1HZ-HUVH\

,QWKLVYHU\VLPSOHFDVHRXUGHFLVLRQFULWHULRQ
promotes the alternative that has the largest
number of rooms (of total two, C and B)
VHSDUDWHGIURPWKHVWUHHW7KXVWKHYHU\
best alternative to choose is Alternative No. 2
PDUNHGRQ)LJ LQWKH6WDWHRI1DWXUH The
constraint-based design procedure in conjunction
with a simple decision support model allow
dwellers and planners to explore and to choose
WKHRSWLPXPDOWHUQDWLYHIURPDZLGHUYDULHW\RI
design solutions.

Conclusions
The maximum degree of each vertex
representing a room, disregarding edges
connecting it to the cardinal points, is equal to
Q- 1, where n is the total number of permutable
vertices, i.e. the rooms.
In regard to the permutation problem, each
permutable vertex appears (n-1)! times at the
VDPHORFDWLRQLQVLGHWKHJUDSKVWUXFWXUHE\HDFK
rotation (orientation). Regarding the clustered
graphs required to represent the three areas
inside a single room, this number is (Q/ n)* 2.
Graph-based representation methods prove
DFFXUDF\LQIRUPDOL]LQJFRPSOH[SUREOHPVDQG
likewise in solving them. Constraint-based
JHRPHWULFUHDVRQLQJSURYHVVSHFLDOHIÀFLHQF\LQ
supporting collaborative design activities with
non-designers. A computer aided constraintEDVHGSDUWLFLSDWRU\SODQQLQJPD\OHWGZHOOHUVDQG
SODQQHUVWRH[SORUHDZLGHUYDULHW\RIKRXVLQJ
DOWHUQDWLYHVVDWLVI\LQJWKHLURZQUHTXLUHPHQWV
ZLWKPXFKPRUHSUHFLVLRQWKDQFXUUHQWO\
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